In a former memoir with the same title f we established a transformation of surfaces with isothermal spherical representation of their lines of curvature into surfaces of the same kind, the transformation being such that lines of curvature on a surface and on a transform correspond, and the two surfaces constitute the envelope of a two-parameter family of spheres. This transformation was established by means of a theorem of Moutard, concerning partial differential equations of the Laplace type with equal invariants, % and with the aid of a transformation of minimal surfaces discovered by Thybaut.
§ In our discussion we did not take the equations of the transformation in the form given by Thybaut, but in the form used by Bianchi,|| in which case the parametric curves on the minimal surfaces are the asymptotic lines. Such a minimal surface and its Thybaut transform are the focal sheets of a IF-congruence, that is, a congruence upon whose focal sheets the asymptotic lines correspond.
The present paper deals with the same transformations obtained by a very different method as a result of which the analysis is much simpler.
In § 1 it is shown that when the lines of a TF-congruence are subjected to the Lie line-sphere transformation, the congruence of spheres envelope two surfaces upon which the lines of curvature correspond.
If S and Sx denote these two surfaces, and 2 and 2, the two focal sheets of the original IF-congruence, the transformation from 2 to S, carries with it a transformation from S to Sx without quadrature. In § 1 is determined the characteristic property which 2 must have in order that the lines of curvature on S may have isothermal spherical representation, and the equations of the surfaces are given in simple form.
In § 2 the determination of 
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[October surfaces 2, and Sx of the same kind as 2 and S respectively and standing in the above mentioned relation to them is carried through, and the problem is shown to be reducible to the integration of an ordinary differential equation of the first order and to quadratures. When S is a minimal surface (cf. § 3), the transformation is that of Thybaut and the equations take the very form which occurs in his memoir.* In § 4 it is shown that the transformation of § 2 is identical with that established in the first memoir, and in § 5 we prove the existence of a " theorem of permntability " which shows that the knowledge of two transforms Sx and S2 of S carries with it the determination of a surface S' of the same kind, which is a transform of both Sx and St; and, moreover, S' may be obtained without quadrature. § 1. A Surface 2 and its Lie transform S.
The coordinates, |, y, f, of a surface 2, referred to its asymptotic lines, may be given by the Lelieuvre formulas f (1) 
where S, 9, § are the coefficients of the linear element of the spherical representation of S. From these results we have incidentally the well-known fact that the lines of curvature on S are parametric. However, we are concerned entirely with surfaces whose lines of curvature admit an isothermal spherical representation.
From (6) it is seen that a necessary and sufficient condition for this is that * ¿>f dir n (7) äHäf-°'
or by means of (1),
It has been assumed that the parameters are isometric, which assumption does not affect the generality of our solution.
If we put (9) u + iv = a, u -iv = ß, equation (8) gives the result
where A denotes an arbitrary function of a. Since i» and v3 satisfy (2), which *The case where (7) is replaced by 3f ¡du + i ■ oí ¡do -0 leads to similar resalta. In consequence of (10), we have
where in general a is a function of a and ß, being a solution of
which is obtained by expressing the fact that the functions (12) are solutions of equation (11). § 2. 77ie Determination o/'21 and of Sx.
If 0X is a particular solution of equation (11), the functions v., defined by* 0,
Dß cß v-x va determine a surface 2,, upon which the curves ti = const., v = const., where u and v are given by (9), are the asymptotic lines; and 2 and 2, are the focal surfaces of a IP-congruence, formed by the lines joining corresponding points. Moreover, the coordinates, £ , y , f , of 2, are given by (15) Et -£-",9, -»,?,. yx-y = v3v [-v[v3, Çx-Ç=vxv2 v"v 2"l- In order that 2, may be a surface of the same kind as 2 of § 1, we must have
where At and /?, are functions of a and ß alone to be determined and where, in general, a-, is a function of both a and ß.
* EISENHART, Differential Geometry, pp. 417-419.
When the values for v2 and v3 are substituted in (14), we obtain four equations which are equivalent to (17) and (18) 1 ôJi_(VEY VB'y ^A'A'x <?, oß~ t/B' +VW A-Af
The necessary and sufficient condition that these two values of d0x/da be equal is readily found to be VB' dß lV ' ' VA' Sa
As these equations are linear, the determination of o-, requires quadratures only. Hence the problem of the determination of the surfaces 2,, when 2 is given in terms of its asymptotic lines, requires the solution of the ordinary differential equation (19) Hence S and Sx are the envelope of a two-parameter family of spheres whose radii are defined by (25). The coordinates, x0, y0, z0, of the centers of these spheres are given by We shall refer to the above relation between S and Sx as a transformation TKi, thus indicating the constant /c, which appears in the formulas. § 3. Transformation of Minimal Surfaces.
Minimal surfaces are the only surfaces of negative curvature for which the following conditions are satisfied simultaneously F=G, S = §, F=0, ff=0.
In consequence of (4) and (6), these conditions are equivalent to the following upon 2:
(SK tSy dÇ\2 (dK dy ôfY 0 {d¿-*dü+tíd¿) +\dv-tdv-+r,dv) =°-If we replace the first of these equations by (7), we must replace the second by af "dy d£ n if the functions D and D", given by (5), are to differ in sign.
By means of (1) and (12) equation (27) where c, and c2 denote constants. From (13) it is seen that if er is a solution of this equation, so also is tr + c, A + c2 where c, and c2 are arbitrary constants.
Hence for the present we shall put c, = c2 = 0 and furthermore assume c = 1. We shall see presently that this choice of the constants does not restrict the generality of our solution. When these values are substituted in (29) (27) and (28).
From (3) we obtain by means of (12) and (34) 1/ rl-A2 , rl-B2 \ and (36Ï X--±±* F-ÍÍ^-ZA) Z-^^--1 (38) ds2 = fi-fTAFf dad/3'
The minimal surface S adjoint to S is given by equations of the form
* Since the equations of any minimal surface can be given this form, the particular choice of the constants in equation (32) did not limit tbe generality of the discussion.
If we substitute the value (33) for er and also /ir,N f 1+ AxBx jo , a CAxd* fAfda (40) o-,=J -w-dß+AxJ -AT-J -Jjin equations (23), we find that these equations are identically satisfied in consequence of the relations (19) and (20). Hence the minimal surface S, defined by (35), and the minimal surface Sx, defined by equations of the same form as (35) but with A and B replaced by Ax and 7?, respectively, constitute the envelope of a two-parameter family of spheres.
From (25) we find that the radius of the sphere is
The coordinates of the center of the sphere are readily found by means of (26). If <S[ denotes the adjoint of S, it is defined by equations analogous to (39). From these equations we find that
If Xx, Yx, Zx denote the direction-cosines of the parallel normals to Sx and Sx, they are given by equations similar to (36).
From these values and (42) we find ZX(x-xx) = 0, 2X,(x-äi,) = 0.
Hence 5 and Sx are the focal sheets of the congruence formed by the joins of corresponding points. Moreover, the curves a + ß = const., a -ß = const. Moreover, the radius of the sphere, as given by [(30'), p. 157] , is tb/a>, and consequently one half of 77 as given by (41) and (43). Furthermore, in § 5 of the former memoir it was shown that the case of minimal surfaces in § 1 of that memoir is a particular case of the general transformation of § 4 of the same memoirHence, in order to identify the two transformations, it is necessary and sufficient to show that 77 as given by (25) In this section we establish the following theorem of permutability : If a surface S with isothermal representation of its lines of curvature be transformed into two surfaces Sx and S2 of the same kind by transformations TKi and TKn respectively, there exists a surface S' which is the transform of Sx and of S2 by transformations Tf and T'Kl respectively ; and this surface S' can be obtained without quadratures.*
In order that there may be such a transform S', there must exist functions Am and Bm satisfying the following equations analogous to (19) and (20) 
